
 

  

 

 

 

 

 

 

 

5.3 INTEGRATION BY SUBSTITUTION 

 

 

 

 

 

  

 

 

 

 

 

 

 

 



 

  

5.3 INTEGRATION BY SUBSTITUTION: 

❑ u-Substitution: 

 

 

  

 



 

  

 



 

  

 

 

 Example (3): 

 

  

 

 

 

 

 

 

 

 

 

 

 

 



 

  

 Example (4): 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 



 

  

 Remember:  

Derivative Formula Equivalent Integration Formula 

 

 

 

 

 

 

 

 Example (5): 

  Evaluate: 

 2

dx

1 + 3x  

 Solution: 

 
 2 2

dx d

1 + 3 1 + 3x x

x

 

 Substituting                   u = 3 x  , then  

                                       .
1

= So3
3

du ddx u = dx  

 2 2

1
=

1 + 3 1x u

1

+3

dx
du  

 



 

  

 Remember that : 

 2
-1

t
1

1 + u
and = uu + C

 

                            
 1 -1

u
-

= + =tan ta
1

3 3
n

1
C 3 x + C  

  

 Example (6): 

Evaluate: 

   
21

x
x

+ sec π dx  .  

 Solution: 

    
2 2

x x
x x

dx dx +
1 1

+ sec π = sec π dx

 

                               

Ln 
2

+ sec= πxx dx  

 To evaluate
2
πs c x dxe , substituting 

                           u = πx  , then  

                              .
1

= Soπ
π

du ddx u = dx

 
   


2 21

 Ln u u
π

sec se
1

xπ = c+dx x d
x

 

 Remember that : 

 
2
u u = tans c d ue + C

                                         
t= aLn n

π
x +

1
πx + C  

 



 

  

 Example (7): 

Evaluate: 

                   


x

2x
-

e

e1
dx  

 Solution: 

 


x x

2x 2x
=e e

e e1 -
dx

-1
dx

 

 

 If we let                         
x

= .eu then   

                                 
x

du = e dx
 

Thus ,

 

              


x

2x 2
dx 1  =

1  1-  -  
e

u  e
du  

 Remember that : 

 



1

2
du1 = si

-  
n

 u1
u + C  

                                   

 - x1 -1
= sin sin+ Cu e + C  

 

 Example (8): 

Evaluate: 


4

sin3 3c  s t t dxo  

 Solution: 



 

  

 

 

 

 

 

 

 

 

 

 

 

 

The generalizations of Formula :  

                


1
2

-

2

1 1
tand =

a aa +

u
u

u
+ C

        


-1

2 2

u1
d =  <  a

a
sin + C ,

-

u

a

u

u  


1

2

-

2
se

u1 1
d =   a

a a
c + C ,

u -

u u

u a
 

 Example (9): 

Evaluate: 

                   
 2

dx
2- x

 

 Solution: 



 

  

 

 

 

 

 

 

 

 

 

 

 

 

 Example (10): 

Evaluate: 

                   




 2

cos

  n

+ 1
d

si
 

 Solution: 

 

 

 

 

 

 

 

 

 



 

  

Less Apparent Substitutions:  

 The method of substitution is relatively straightforward, provided 

the integrand contains an easily recognized composition   f g x  

and the remainder of the integrand is a constant multiple of  g' x

. If this is not the case, the method may still apply but may require 

more computation. 

 

 Example (11): 

Evaluate: 

                   


2
x x - 1 dx  

 Solution: 


2

x x - 1 dx

 
 

 If we let                         = -1 . thu uen + 1x x  and 

                                 du = dx
 

Thus ,

 

              

 
22 1 =- dx u 1x u  x du  

 2


1 2
= + 2 + 1u u u du

 

 
5 2 3 2 1 2

u u u= + 2 + du  

7 2 5 2 3 2

= + 2 +
7 2 5 2

u u u

3 2
+ C

 
 



 

  

     
7 2 5 2 3 22 4 2

= - 1 + - 1 + - 1
3

x x
5

x
7

+ C

 
 Example (12): 

Evaluate: 

                   


3
cos x dx  

 Solution: 


3 2

cos cos codxx = x s x dx

 
 Remember that : 

 
2 2

sin+c xos x = 1  

                               
 

2
x= 1 cosin - s x dx

 
* We can then evaluate the integral by substituting 
 

u = sin x 

 codu = s x dx

 * Therefore, 

                   
 

3 2
dx = 1x  -ucos du

 

                   

3

= u -
u

3
+ C

 

                              

31
= sin - sin

3
x x + C   

 

 Example (13): 

Evaluate:  

                   


3
sin x dx  

(You Should Try(   
 

 

 

 



 

  

 

 

 

 

 

 Example (14): 

Evaluate: 

             


2

coxs n s xi dx  .  

 Solution: 

 
22

sin cos = sin cos dxx x x dx

  Substituting 

                           u = sin x  , then  

                                    co=du s x dx

 
Thus, 


2 2

x x =  cos udxs n  i du
 

                                                     


3 3

u s x
= +

3

n
C

i

3
+ C

 

 

 Example (15): 

Evaluate: 

                   


x
e

x
dx

 
 

 Solution: 

 If we let                         .u = x then   



 

  

                                 .
1 1

= Sdu duo 2 =
x2

dx
x

dx
 

Thus ,

 

              


x
ue

=dx 2 e
 x

du  

                                                   

u x
+ C= 2 e 2 e + C  


