3.3 INTEGRATION BY SUBSTITUTION




ff g (x)dx—F(g(x))+C

5.3 INTEGRATION BY SUBSTITUTION:

Q u-Substitution:

* For our purpose it will be useful to let [ = g (x) and to write

du /dx =g’ (x) in the differential form |du = g’ (x)dx .

With this notation (2) can be expressed as
ff(u)du = F(u)+C

= Example (1):

Evaluate:

f(x2 +1)50.2x dx.

# Solution:

f(xz + 1)50.23: dx.

* If we let u=x?+1|,then

dx/dx = 2x,

* Which implies that du =2xdx .

Thus , the given integral can be written as

f(xz +1)50. 2x dx = fujo du

- 51
51 (x2+1)
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Guidelines for u-Substitution :

Step (1). Look for some composition within the integrand
for which the substitution

u =g(x) , du =g'(x)dx

produces an integral that is expressed entirely in terms of # and
its differential d« . This may or may not be possible.

Step (2). If you are successful in S7ep(7), then try to evaluate the
resulting integral in terms of #. Again, this may or may
not be possible.

Step (3). If we are successful in S7ep (2), then replace u by g (x)to

express your final answer in terms of x.

= Example (2):

Evaluate:

(@ [ sin(x+9)dx ) [(x-8)" ax

< Solution:

(a) fsfn (x+ 9)dx

* Ifwelet u=x+29|,then

du=dx

fsfn(x+ 9)dx= fsfn udu

* Remember that :

kot ]sfnu du = -cosu +C

=-cosu +C =|-cos(x+ 9)+C

g




f(x-8)23 dx

* If we let

(b)

= Thus, the given integral can be written as

u=x-38|.then

du=dx

f(x-3)23 dx = fu23 du

Cw | (x-8)"
=~ o7 TCT | T €

. Example (3):
Evaluate:

fcos S5x dx.

* If we let

= Which implies that 5

= Thus, the given integral can be written as

<~ Solution:

f cos Sx dx

u=35x|,then

du=5dx,
1

du=dx.

fcos 5xdx=§—fcosudu

;—sinu +C = :—sin S5x +C




PSS .

. Example (4):

Evaluate:

<~ Solution:

U, |
fxzezx

dx

<~ Solution:




P

X Remember:

Derivative Formula

Equivalent Integration Formula

d

%[tan_l(x) ]=

;—x[sec‘ I(x) |=

——[sin () ]|=—

1

cdx=sin"(x) + ¢

1—x2

1
1+ x2
1

x4/ x%=1

/
/

1+ 2 ~dx=tan~1(x) + ¢

1
xa/ x2—1

dx=sec™(x) + ¢

. Example (5):

Evaluate:

f dx

1+ 3x2

* Substituting

# Solution:
dx

1+ 3x? f

v= 3 x
du=\/7dx.So

dx

2
1+ \/.?x

, then

J

du =dx

1
73
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f1+;x2 _\/37f1+u2 du
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* Remember that :

f 1 > du=tanu +C
1+u

= ! tan'1u+C= ! tan'l \/?x+C

V3 V3

. Example (6):

Evaluate:

f 1

X

—t secZ n'x]dx .

/# Solution:

1
—+ seczn'x

. dx=f de +fseczn'xdx

X

J

=Ln| x|+fsec2mcdx

* To evaluate f sec? mx dx , substituting

u=mnx|,then

du=mdx .So %du=dx
f 1 2 1 2
—+ sec” mx dx=Ln|x|+— fsec u du
X T
* Remember that :

*fseczudu=tanu +C

= Ln |x|+i—tanrtx+C

. g




. Example (7):

Evaluate:

* If we let

Thus ,

X
S

X
e
fﬁ

X
f\/l_e7dx

# Solution:

f\/I_erX

.then

dx =

1
RN

* Remember that :
f\/i du = sin~ ! u+ C
=sintu+C | sin! e +C

™ Example (8):

Evaluate:

fcos4 3t sin 3t dx

# Solution:




The generalizations of Formula:

2 du = Ltan'li+ C
a a
f du = sin”! 2 +C,lu|<|a]
/ a
1 1 -1
f du = —sec +C,|u|>|a|
udu? - a2 a a
A Example (9):
Evaluate:

/ Solution:

g
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> Example (10):

Evaluate:

f s12n9 40
cos” 0+ 1

# Solution:




Less Apparent Substitutions:
O The method of substitution is relatively straightforward, provided

the integrand contains an easily recognized composition f g x

and the remainder of the integrand is a constant multiple of g’ x

. If this is not the case, the method may still apply but may require

more computation.

w Example (11):

Evaluate:

fxzx/x-l dx

/ Solution:

fxzx/x-l dx

* If we let u=x-1|.thenu+1 =x and

du=dx

Thus ,

fxz,/X—I dx=f u—|—12\/7du
=f u2+2u+1 ul/zdu

=f u5/2+2u3/2+u1/2 du

7/2 5/2 302

u +2u

C
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2 7/2 4 2
= — - + — - + — -
> x-1 5 x-1 3 x-1

W Example (12):

Evaluate:
f cos3x dx

# Solution:

fcos3x dx = fcoszx cos x dx

* Remember that :

* coszx + sinz

=f1-sin2x cos x dx

x=1

* We can then evaluate the integral by substituting

u=sin x

du = cos x dx
* Therefore,
fc0s3xdx=f1-u2 du

u3
=u- 3 +C
=|sin x - %sin”g x+C
w Example (13):
Evaluate:
f sin’x dx
(You Should Try)

. g




W Example (14):

Evaluate:

fsinzx cos x dx .

# Solution:

. . 2
fsmzxcosxdx=fsm cos x dx

¥* Substituting
u=sin x| , then
du = cos x dx
Thus,
fsinz X cos xdx= fuz du
3 . 3
u sin~ x
- 4+ C=|———+C
3 3
. Example (15):
Evaluate:
I
f ¢ dx
«/ X
7 Solution:
* If we let u=.x |.then




Thus ,

J

e«/x
X

—

dx = Zfe"du

= 2e"+C

1 1

dx . So 2du =——dx

2 s

2e'* +C




